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write a program (or proceed by hand calculation) to generate
the array g. Running the commercial program with f and g as
separate load cases would then give the strains to be used as
input to an additional small, user written program for
calculating the force F/ (and F?) of Eq. (5).
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Nomenclature
=emissive power, 7/,
=radiation intensity
=blackbody intensity
=direction cosine
=radius ratio, r,/r;
=phase function
=aconstant
=dimensionless radial direction (a+ o)r’
=radial direction
=position vector
=absorption coefficient
=polar angle
=emissivity
=gscattering albedo, o/(a+ o)
=cos
=scattering coefficient
= optical thickness, r, —r,;
=azimuthal angle
=solid angle
=unit direction vector
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Subscripts
1,2 =inner and outer boundary, respectively

Introduction

HE exact treatment of radiative transfer in participating,
particularly anisotropically scattering media requires
immense effort and computation. In the past, several ap-
proximate solutions of the equation of transfer have been
developed to overcome the mathematical complexity of the
problem. The spherical harmonics method (P, ap-
proximation) is capable of estimating higher order ap-
proximate solutions. Bayazitoglu and Higenyi!-2 employed P,
and P; approximations for nonplanar geometries in problems
involving absorbing, emitting, and isotropically scattering
media. Their results compared favorably with the existing
exact solutions.
The purpose of this Note is to demonstrate, within the
P, framework, the effects of anisotropic scattering in one-
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dimensional cylindrical and spherical geometries. To this
effect, a linear phase function is used. Modest and Azad3
showed that a slightly modified form of the linear model, used
together with the differential P, approximation, yields quite
accurate results in planar geometry.

Analysis
Consider the equation of transfer

Q- VI=al,— (a+0)I+ %r L 1) -p(©@,2)de’ (1)

The phase function p in Eq. (2) can be expanded in a series of
Legendre polynomials¢:

p(Q2) =Y, a,P,(Q0), a,=1 @)

n=0

In the following analysis, only the first two terms in the ex-
pansion are retained on grounds of simplicity. However, the
spherical harmonics method can accommodate any number of
terms.

In the spherical harmonics method, the angular distribution
of the radiation intensity is expressed in a series of associated
Legendre polynomials. The series is truncated after N terms
(P, approximation), and the coefficients are expressed in
terms of the moments of intensity. In this respect, the ex-
tension of the method to anisotropic scattering problems is
straightforward. When the phase function is expressed in the
form of Eq. (2), the scattering integral in the equation of
transfer is transformed into a summation term in the
moments of intensity, thus enabling the complex anisotropic
scattering effects to be represented and handled in a simple
and efficient manner.

In the final step, the equation of transfer is approximated
by a series of ‘‘moment’’ differential equations which are
derived by multiplying it by the powers of direction cosines
and integrating over a solid angle of 4.

To demonstrate the effects of anisotropic scattermg in one-
dimensional cylindrical and spherical geometrics, a gray
medium at radiative equilibrium is considered.

Cylindrical Geometry (7,0,2)
For cylindrical symmetry, the equation of transfer is

oI aI A

— — =(]— - =
) 3¢ (I-NI,—I+ i Sh (I+a)de (3)
where f, =sinfcos¢ and f, =sinBsin¢. After some algebraic

manipulation, the moment differential equations take the
form:

d, _ 10, 10 35
—= 10-Ma)I, — — = 4
dF 3 ( ) rr+ 3 Irrr’ a al ( a)
dr, 1

. =({I-N)(4B-1,) — —r—I, (4b)
dr, 2 \a 2

._2, _(,__) 2

dr 3r [ 3 Ir r Irr (40)
dr (I—N) 8 3

o TR A S S 4d
dr 3 + 3 0 5’.Ir Irr r Irrr ( )

where I, is the zeroth moment of intensity, and /,, I,,, and I,
are the first, second, and third moments of 1nten51ty in the
radial direction. Radiative equilibrium demands I, = Q/r and
therefore from Eq. (4b), I, =4B.
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Fig. 1 Dimensionless radiant heat flux on the inner wall vs optical
thickness (concentric cylinders: ¢, = ¢, =1).
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Fig. 2 Dimensionless radiant heat flux on the inner wall vs optical
thickness (concentric spheres: ¢; =¢, =1).

Spherical Geometry (0, ¢, r)
Under spherical geometry, the equation of transfer is

I  I—p? oI xg
— P = (=N, T+ = 1 T
bt ” =ML, =TI+ — | (I+ap)de (5)

where p. = cosf3.
The moment differential equations are

%’: %1,,— (10—>\a)1,—g1,,+3§5-1,,, (6a)
‘;Ir’ =(-N(4B-1,) - %1, (6b)
Sot-(-ln e
%: (1;—)‘)4B+ %10+ —f—lr,—l,,— %Irrr (6d)

Similarly, for the case of radiative equilibrium, 7, =Q/r? and
Ib ==“1;. '

Boundary Conditions

The boundary conditions, derived using the Marshak
approach, 5 have the same form for concentric cylindrical and
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Fig. 3 Distribution of gas emissive power between concentric
cylinders.
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Fig. 4 Distribution of gas emissive power between concentric
spheres.

spherical enclosures, and are given as!
3ei10:|:16(2—ei)l,+15e,-1,,=326,~B,~ (7a)

(3¢, —5)I,+16(1—¢,)I,—15(1+¢,)1,, —32I

rrr=326iBi (7b)
for diffusely reflecting boundaries, with the + and — signs
applying to the inner (/=1) and outer (=2) boundaries,
respectively.

Results and Discussion

The linear two-point boundary-value problems depicted by
Eqgs. (4) and (7) and by Eqs. (6) and (7) are solved by the
method of particular solutions, using 500 uniformly spaced
integration steps.

The dimensionless radiative flux on the inner wall of
concentric cylinders and spheres with radius ratios of 2 and 10
are plotted against the optical thickness in Figs. 1 and 2,
respectively. Results presented are for the isotropic (@=0),
forward (@>0), and backward (ea<0) scattering cases.
Anisotropic scattering causes a maximum change of +15%
about the isotropic scattering case for concentric cylinders
and a change of +16% for concentric spheres. The short-
comings of the P; approximation (mainly small optical
thicknesses and/or high radius ratios) should also be valid for
the forward and backward scattering cases.

Figures 3 and 4 show the respective distributions of
dimensionless emissive power in concentric cylindrical and
spherical layers for optical thickness values 0.1, 1.0, and 10.0.
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Anisotropic scattering effects again follow the same trends as

the isotropic scattering cases. They are observed to become
insignificant toward the outer wall.
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abreast of their field as it expands into these new territories.
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This volume is concerned with the mechanisms of heat transfer, a subject that is regarded as classical in the field of
engineering. However, as sometimes happens in science and engineering, modern technological challenges arise in the course
of events that compel the expansion of even a well-established field far beyond its classical boundariés. This has been the
case in the field of heat transfer as problems arose in space flight, in re-entry into Earth’s atmosphere, and in entry into such
extreme atmospheric environments as that of Venus. Problems of radiative transfer in empty space, conductance and
contact resistances among conductors within a spacecraft, gaseous radiation in complex environments, interactions with
solar radiation, the physical properties of materials under space conditions, and the novel characteristics of that rather
special device, the heat pipe—all of these are the subject of this volume.

The editor has addressed this volume to the large community of heat transfer scientists and engineers who wish to keep
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